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Partial
differential
equations

Learning outcomes

When you have completed this Programme you will be able to:
e Summarise the introductory methods of solving ordinary differ-
ential equations
e Solve partial differential equations that are amenable to solution by
direct integration
e Apply initial and boundary conditions

e Solve the one-dimensional wave and heat equations by separating
the variables and obtaining eigenfunctions and corresponding
eigenvalues

e Solve the two-dimensional Laplace equation in Cartesian coordi-
nates

e Recognise the need for alternative coordinate systems and solve the
two-dimensional Laplace equation in plane polar coordinates

Prerequisite: Engmeenng Mathematcs (szth Ed‘ tzon)

Programmes 24 First-order differential equatmn& and
25 Second-order dlﬂ?erentxal equatmns '

414
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Introduction

The formation of ordinary linear differential equations and their
solution by various methods were covered in some detail in
Programmes 24 and 25 of Engineering Mathematics (Fifth Edition), and
reference to these before undertaking the new work of this Programme
could be beneficial - especially Programme 25 which dealt with
second-order equations. Working through the Test exercise of that
Programme would provide worthwhile revision.

The main results obtained are listed here for convenience and easy
reference.
. d’y dy
1 Equations of the form a@+ ba;
Auxiliary equation am? + bm + ¢ = 0. Solutions depend on the roots of
this equation.

(a) Real and different roots: m = m; and m = m;

+a=0

Solution y = A¢™* + Be™* 6]
(b) Real and equal roots: m = m; (twice)

Solution y = ¢™*(A + Bx) 2)
(c) Complex roots: m=a=+js

Solution y = e**(A cos 8x + Bsin f8x) 3)

&y
2 Equations of the form oz tn‘y=0
dzy

@) az—+nzy=0 Lmrnt=0 . omt=-n? m==+jn

Solution y = A cosnx + Bsinnx (4)

2

(b) %—n@:O smr-n?=0 . m’=n* . m=z<n

Solution y = A coshnx + Bsinh nx

ory=Ae™ + Be™™ (5)

ory = Asinhn(x + ¢)

In each case, A and B are arbitrary constants depending on the initial
conditions, and in the last form ¢ is an arbitrary constant.
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Partial differential equations

A partial differential equation is a relationship between a dependent
variable u and two or more independent variables (x,y,t,...) and
partial derivatives of u with respect to these independent variables.
The solution is therefore of the form u=f(x,y,t,...).

Solution by direct integration

The simplest form of partial differential equation is such that a
solution can be determined by direct partial integration.

Example 1

Solve the equation %lzi = 12x2(t + 1) given that at x =0, u = cos 2t and

5—3;‘ = sint. Notice that the boundary conditions are functions of t and
2

not just constants. %{ = 12x2(t + 1). Integrating partially with respect

to x, we have % = 4x3(t + 1) + ¢(t) where the arbitrary function ¢(t)

takes the place of the normal arbitrary constant in ordinary
integration. Integrating partially again with respect to x gives

u=xt+ 1)+ x¢(t) + 6(t)

where 6(t) is a second arbitrary function.
To find the two arbitrary functions ¢(t) and 6(t), we apply the given

N " ou . o
initial conditions that at x =0, ——=sint and u = cos 2t. Substituting

ox
these in the relevant equations gives

¢(t) =sint; 6(t) = cos2t

Because

u=x*t+1)+xsint + cos2t

Example 2

. %u . ou
Solve the equation %0y =sin (x +y), given thataty =0, o 1and at
x=0,u=(y-1>=%

In just the same way as before, u=............
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u=—sin(x+y)+x+sinx+ (y — 1)

Because

Pu . ou

oy sin(x+y) .. p cos(x +y) + ¢(x).
Atyzo,%zl Sol=—cosx+o(x) .. ¢(x) =1+ cosx

. %= —cos(x+y)+ 1+ cosx
Integrating again partially, this time with respect to x, we have
u=—sin(x+y)+x+sinx+6(y)
Butatx=0, u=(y—1)% .. (y—1)%2=—siny+6(y)
S 8p) =(y—1)* +siny
. u=—sin(x+y)+x+sinx+siny+ (y — 1)

Initial conditions and boundary cenditions

As with any differential equation, the arbitrary constants or arbitrary
functions in any particular case are determined from the additional
information given concerning the variables of the equation. These
extra facts are called the initial conditions ot, more generally, the
boundary conditions since they do not always refer to zero values of the
independent variables.

Example 3
2
Solve the equation 8%:7 = sinx cosy, subject to the boundary condi-
) T Ou .
tions that at y = 2 A 2x and at x =m, u = 2siny.

Work through it: it is easy enough. u=............

u=2x*>+cosx(1—siny)+siny+1— x>

Because
u = sin x cos . @ — sinxsiny + ¢
axdy Y S o =sinxsiny (x)
But @—-Zx aty == . P(x) =2x —sin
ax - y - 2 .. = X
. g_az = ZX - Sinx(l - Siny) .U = xz + con(l _ Siny) + o(y)

Butu=2sinyatx=nx .. 6(y) =1—n+siny
u=x*+cosx(1—siny)+siny+1—n?
On to the next frame
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Before we take a closer look at some of the more important partial
differential equations occurring in branches of technology, let us
recall the fact that if u = uy, u = uy, u = us, ... are different solutions of
a linear partial differential equation, so also is the linear combination

U= Ciuy + Colp +C3U3 + ...

where ci, ¢3, c3, ... are arbitrary constants.

There are many types of partial differential equations, some
requiring special treatment in their solution. In this Programme we
are concerned with a restricted number of such equations that occur in
branches of science and technology, which can be solved by the
method of separating the variables, and which also link up with the
work we have done on Fourier series techniques.

Let us make a new start

The wave equation

u=f(x,t
u(x,t)

L--——\ ©

Ol——x——| p

Consider a perfectly flexible elastic string stretched between two
points at x =0 and x =/ with uniform tension T. If the string is
displaced slightly from its initial position of rest and released, with the
end points remaining fixed, then the string will vibrate. The position
of any point P in the string will then depend on its distance from one
end and on the instant in time. Its displacement u at any time t can
thus be expressed as u = f(x, t) where x is its distance from the left-
hand end.
Pu_ 1 0u

The equation of motion is given by —— o2 I

which T is the tension in the string and p the mass per unit length of
the string. The displacement of the string is regarded as small so that T
and p remain constant.

Now let us deal with the solution of this equation.

, whereczzzm

On to the next frame
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Solution of the wave equation
u_ 1 u
w2 o2
Boundary conditions:

(a) The string is fixed at both ends, i.e. at x =0 and at x =1 for all
values of time t. Therefore u (x,t) becomes

0,t)=0
l;((l: tizo} for all values of t >0

The new equation — has a solution u(x, t).

Initial conditions:

(b) If the initial deflection of P at t = 0 is denoted by f(x), then
u(x, 0) =f(x)

(c) Let the initial velocity of P be g(x), then
ou
NS

So now we have listed all the information available from the question.
Next we turn to solving the equation.

Solution by separating the variables

We assume a trial solution of the form u(x, t) = X(x)T(t) where

X(x) is a function of x only
T(t) is a function of t only.

If we simplify the symbols to u=XT and denote derivatives with
respect to their own independent variables by primes, we have

_ ou __, ’u o,
ou ., u .
EE_XT and W—XT

Pu_ 1 u

The wave equation —— = — - — can then be written as

ox2 "~ 2 o2
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X”T — 'lz XTII
C

XII 1 TI/
X &'T

Notice that the left-hand side expression involves functions of x
only and that the right-hand side expression involves functions of ¢
only. Therefore, if these two expressions are to be equal for all values
of the separate variables, then both expressions must be equal to

and this can be transposed into

a constant

Denote this arbitrary constant by k. Then we have
XII 1 TII
<= k and 2T = k
S X'-kX=0 and T"-c%T =0
Let us consider the first of these two equations for different values of k.
MIfk=0 X'=0 .. X=a ..X=ax+bh.
But X=0 at x=0 .. b=0 .. X=ax
S.a=b=0
and X=0 at x=1 .. a=0

.. X =0 which is not oscillatory as the problem requires it to be.
(2) If kis positive, letk=p* .. X"—-p?’X=0.
The auxiliary equation is therefore m?> —p?> =0 .. m? =p?
m==p
S X =AeP* + Be™*
But X=0at x=0 .. 0=A4A+4+B .. B=-A
and X=0 at x=1 .. 0=Ae" —Ae? . 0=A( —e?)
SL.A=0 . A=B=0
Here again X = 0 which is not oscillatory.
(3) If kis negative, letk=—p> .. X'+p’X=0.

This is one of the standard equations listed at the beginning of the
Programme and gives a solution

X =Acospx + Bsinpx (1)
which fits the requirements.

The second equation T” — c2kT = 0 therefore now becomes




Partial differential equations 421

T"+2p*T =0

because the same value for kK must apply. This equation is of the same
form as before and gives the solution

T = Ccoscpt + Dsincpt (2)
So our suggested solution u = XT now becomes
u(x,t) = (A cospx + Bsin px) (C cos cpt + Dsin cpt)

and, if we put cp = A Sop= —?, this becomes

u(x,t) = Acosix+Bsinéx (Ccos At + Dsin At) 3)
c c

where A, B, C, D are arbitrary constants.
The result, of course, must satisfy the set of boundary conditions
which we now turn to.

(a) u=0 when x = 0 for all values of £. From this, we get

Because, substituting u = 0 and x = 0 in result (3) above
0=A(CcosAt+DsinAt) forallt .. A=0

ou(x,t) = Bsin%x(c cos At + Dsin At)

(b) u=0whenx=1 for allt .. 0=B s‘m)‘?l(Ccos)\t+Dsin)\t)

Now B # 0 or u(x,t) would be identically zero. .". sin )‘?l =0.

- A?lznﬂ.wherenzl, 2,3,... .. /\=n—;7rf0rn=1;2t3/-"

Note that we exclude n =0 since this would also make u(x, t)
identically zero.
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As we can see, there is an infinite set of values of A and each separate
value gives a particular solution for u(x,t). The values of ) are called
the eigenvalues and each corresponding solution the eigenfunction.

Putting n=1, 2, 3, ... we therefore have

Eigenvalues Eigenfunctions
nerw Ax .
n A= u(x,t) :Bsin? {Ccos At + Dsin At}
cm t
1 A= u = sinw—lx {Cl coscTWt+D1 sinc%}
2 Ay = Zen Uy = smz—— C; co 2 + D, S'n——zmt
1 1 1 1
3
3 A3 :ﬂ M3=Sifl—3lx Cs cos Sem +D3S' 3cnt
1 1 1 1
rem
r /\r=—l— u,_sm 7 {Cc S clt+D,sin&;Tt}

Note that the constant B has been absorbed into the constants C and D
so that BC = C, and BD = D,,, where Cy, C;, C3,...and Dy, Dy, Ds, ...
are arbitrary constants.

Since the original wave equation is linear in form, we have already
noted that if u = u;, u=1up, u=us... are particular solutions, a more
general solution is

U=uy+uy+us+...

The more general solution is therefore

. Imx remt . remt
u(x,t) = Zu, Z{sm—g— (C,cos—l—+D,s1nT7r)} (4)

We still have to find C; and D, and for this we use the initial con-
ditions which we have not yet taken into account.

(c) Att=0, u(x,0)=f(x) for0<x<1I

Therefore from (4), u(x, 0) =f(x) = Z C; sin rlJf
r=1

(d) Also att =0, [@] =g(x)for0<x<I
ot o
We therefore differentiate (4) with respect to t and put t =0,
which gives
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o0
g(x) = EFZD,rsmr x
r=1

Because
ou &, rmx rem in remt 7r r(:7rt
a—,;““T{‘C'T T z}
. Witht=0, =g(x)= ZD,

for . Imx
-——TZD,rsmT
r=1

Finally we can draw on our knowledge of Fourier series techniques
to determine the coefficients C, and D,.

= 2 x mean value of f(x) sin ?betweenx=0 and x =1

LG = J f(x)smm—xdx r=1,23,...

and D, = 2 x mean value of g(x)sin ? between x =0 and x =1

T
D, = ZJ (x)sm—dx r=1,2,3

r TC g l - b ’ A
The general solution (4) then becomes

%o 1
u(x, t) = Z{ [%L f(w) sinﬁ;—wdw] cos@sin?

r=1
2 raw remt 17X
+ [rmrJ gw) sin— ] dw] sin—— ] nT} (5)

Notice that the variable of integration has been changed from x to w
because we wish to use the variable x in the final expression for u(x, t).
The value of a definite integral depends only on the limit points of the
integral and we are free to use any symbol that we desire for the
variable of integration - we call such a variable a dummy variable.
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At first sight, the solution seems very involved, but it can be
analysed into a definite sequence of logical steps. Given the equation
and relevant initial and boundary conditions, we go through the
following stages.

(a) Assume a solution of the form u = XT and express the equation in
terms of X and T and their derivatives.

(b) Transpose the equation by separation of the variables and equate
each side to a constant, so obtaining two separate equations, one
in x and the other in t.

(c) Choose k = —p? to give an oscillatory solution.
(d) The two solutions are of the form
X = Acospx + Bsinpx
T = Ccoscpt + D sin cpt
Then u(x,t) = {A cos px + Bsinpx}{C coscpt + Dsin cpt}.
(e) Puttingcp=X,ie. p= %, this becomes
u(x,t) = {A cos%x +B sin%x}{c cos At + Dsin At}.

(f) Apply boundary conditions to determine A and B.

(g) List the eigenvalues and eigenfunctions for n=1, 2, 3,... and
determine the general solution as an infinite sum.

(h) Apply the remaining initial or boundary conditions.
(i) Determine the coefficients C, and D, by Fourier series techniques.

Make a list of these steps: then we can follow them with an example.

Example
u(x,0) A stretched string of length 20 cm
is set oscillating by displacing its
N u=f(x) mid-point a distance 1 cm from

its rest position and releasing it

i

1
i with zero initial velocity. Solve
0 10 20 «x th Pu 1 8%u
e wave equation — =—5-—
quation 52~ a2

where ¢ = 1 to determine the resulting motion, u(x,t).

First we make a list of the boundary conditions from the data given in
the question.
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u(0,t) =0; u(20,t) =0 (fixed end points)
u(x,O):f(x)szé 0<x<10
20—-x
= <x<
10 10<x <20
ou oL .
— =0  (zero initial velocity)
Otlio
u(x0)

Now we can apply our
sequence of operations
which we listed.

So move on

(a) Assume a solution u = XT where X is a function of x only and T'isa
. . 0u u .
function of t only. Then the equation it (since c=1)

0.
becomes ............
X'T =XT"
Because
u=XT . %—:X’T %=X”T
and % =XT % =XT"
% = %;—l S X'T =XT"

(b) Next we rearrange the equation to separate the variables, giving

Xll TII
X T

(c) Since the two sides are equal for all values of the variables, each
must be equal to a constant k and to give an oscillatory solution we
put k = —p?. The two separate equations then are written

............ and ............
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X' +p*’X=0 and T"+p?’T=0

X =Acospx+ Bsinpx; T = Ccospt+ Dsinpt
u(x, t) = {A cos px + Bsinpx}{C cos pt + Dsinpt}

(e) We normally now put ¢p = A, butin thiscasec=1 .. p=2X and
ux, t)=............

u(x, t) = {A cos \x + Bsin \x}{C cos At + Dsin At}

() Now we determine A and B from the boundary conditions.
1) u(0,t)=0 .. 0=A(CcosAt+Dsinit) .. A=0
". u(x, t) = Bsin Ax(C cos At + D sin At)

(2) u(20,t)=0 .. 0=Bsin20A(Ccos\t + Dsin At)

B # 0 or u would be identically zero. .. sin20A =0.
. _ .oy _hm
. 20\ =nnw ..)\—ZO
. nw
Lulx, t) = stOx{Pcos ZOt + Qsmﬁt}

where P=Bx Cand Q=B x D.
(g) The next step is to list the eigenvalues and eigenfunctions.

Eigenvalues Eigenfunctions
nm
n A= 20 u(x,t) = sin \x{P cos \t + Q sin \t}
1 AL = - it
20 /2] _smzo {P1 coszo+Q151nZO}
2 27x 2 27t
2 )\2—% Uy = sin—— 30 {Pz +Q2 ZO}
37 . 3mx 3nt
3 /\3—20 Uz = sin 20 {P cos +Q3 sin— }
_ rm rnt X t
r Ar = 20 U, = sm 20 {P, 20 —+ Q,smrzlo}
. Nin™ [p rrt
U=t +Up+Us+... .. u(x,t)_;smzo{ —l—Qr sin—— }
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(h) Now we apply the remaining initial conditions

(1) u(x,0) =F(x) =75 0<x<10
20 —x
=== 10<x<20
Also u(x,0)=............

Then P, = 2 x mean value of f(x) sin % between x=0and x =20

ZJ f()snmxdx

10 0on
" 10P,:J X inrlxdxq-j 20-x m—xdx

0 20 10 10
= L + I
0%  rax
I1 = JO ESln%dX B

Using integration by parts

I _JZOZO—xsinm_x
27 ) 10 20

rw 2

20 rm 40 /. . T
I, =—cos—— ) (sm rm— smg)

20 re 40 re 20 r7r 40
ThenlOP,——Ecos +22 in— +— —— (smm—sm;r)

2 2 52 T2
. 8 . rmr
. Forr=1, 2, 3,...P,=Wsm7
rm rat
" t
u(x,t) = Zs { zsin—-co 20+Q,sm20}
ou
(2) Alsoatt—-O,E_O.
ou




428 Programme 11

6u(x,t)_isinr_7g 8 sin? —Esinfw—t
ot 4720 |\ \r2e27 2 20720

rm rot
+ Qzacos%}
d rmx . rm
COAtt=0, 0= sin——Q, == Q=0
; 20 ~ 20

And that is it.
Now let us turn to a slightly different equation, but one for which
the method of solution is very much along the same lines.

The heat conduction equation for a
uniform finite bar

The conduction of heat in a uniform bar depends on the initial
distribution of temperature and on the physical properties of the bar,
i.e. the thermal conductivity and specific heat of the material, and the
mass per unit length of the bar.

With a uniform bar insulated except at its ends, any heat flow is
along the bar and, at any instant, the temperature u at a point P is a
function of its distance x from one end and of the time t.

y
P

Lu(x, t)
0 o -
X
x|
The one-dimensional heat equation is then of the form

Pu_1 o
ax2 2 ot

u=f(x,t)

(1

k . . - .
where 2 = in which k =thermal conductivity of the material;

o = specific heat of the material;, p = mass per unit length of the bar.

>
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You will already have noticed that the heat equation differs from
the wave equation only in the fact that the right-hand side contains
the first partial derivative instead of the second. It is not surprising
therefore that the method of solution is very much like that of our
previous examples.

Solutions of the heat conduction equation

Consider the case where

(a) the bar extends from x=0to x=1
(b) the temperature of the ends of the bar is maintained at zero
(c) theinitial temperature distribution along the bar is defined by f(x).

u=f(x,t) P

u(0,t)=0 and u(l,t)=0 for allt>0
u(x, 0)=f(x) for 0<x<1I

As before, we assume a solution of the form u(x, t) = X(x)T(t) where

X is a function of x only
T is a function of ¢ only.

Then, starting with u = XT we can write the equation Ou = i ou in
' J = q w22 ot

terms of X and T, and separating the variables, we obtain

Arguing as before, since the left-hand side is a function of x only and
the right-hand side a function of ¢ only, for these to be equal each side
must equal the same constant. Let this be (—p?) as before.

"
" % =—p* . X"+p?’X=0 giving X = Acospx + Bsinpx
1T,

and - =—p* .. T +p*?T =0 giving T=............
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T = Ce Pt
Because
/2
—77; =—p2 . InT=—p?Pt+c¢ .. T=Ce?t

u(x,t) = XT = {A cos px + Bsin px} CeP’ct
. u(x,t) = {Pcospx + Qsinpx}e?*“*  where P = AC and Q = BC

Now put pc=X .. p=%
©oux,t) = {Pcos%x + Qsin’z\x}e"‘zt

Applying the boundary condition u(0,t) = O gives
............ and ............

P=0 and u(x,t) = Qe Xt sin%x

Also u(l,t) = 0 and from this we get

A="—§7’- for n=1,2,3,...
Because
. —)\Zt . )\l
if u=0when x=1, 0=Qe sm—c—

Q # 0 or u(x, t) would be identically zero .". sin)‘?l =0
nem

. i1=n7r SoA=—— n=1,23,...
c 1
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Now we can compile the table of eigenfunctions.

. nmx
n | A= f% u(x,t) = Q¢*sin —7;—
Ccm A2t s X
1 A1 =T Uy = Qe smT
2c . 27x
2 | = Tﬂ Uy = Que™3t sm—jll—
3rx
3 )\3 = 3_;7‘(‘ Uz = Q3 e_’\gt Sin%
rola= fcl_” u = Qe Nt sin?

U= +Uy+Us+...

Loux, t) = Z{Q, e ¥t sinr—?}
r=1

The remaining boundary condition still to be applied is that when
t=0, u(x,0)=f(x) 0<x<lI
This gives f(x) = ............

fx) = i:; {@sin™=

and from our knowledge of Fourier series techniques:

Q=

Q; = 2 x mean value of f(x)sin£7lr—x fromx=0tox=1

1

2
Q= TJ f(x) sinrﬂ%dx and the final solution becomes
0

w2 [z
r=1

where A,:#’ r=1,23, ...

Now on to the next frame for an example
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Example

A bar of length 2 m is fully insulated along its sides. It is initially at a
uniform temperature of 10°C and at t = O the ends are plunged into
ice and maintained at a temperature of 0°C. Determine an expression
for the temperature at a point P a distance x from one end at any
subsequent time ¢ seconds after t = 0.

10 .
u(x,0) !
|
1

0 2m X
10 )
P !
|
uen) Lux,t) |

|
0 X 2m X
. _Bu 1 8u_ -
We have the heat equation o2 3 with the boundary conditions

u©0,t)=0; u2,t)=0; u(x,0)=10

Assuming a solution of the form u = XT, we know that this gives for
this equation X = Acospx + Bsinpx

and T = Ce?*t

so that the general solution is

u(x,t) = {Pcos px + Qsin px}e ¥t

. A .
If we now write pc= X\, p= - and the solution becomes

u(x,t) = {P cos—)‘c-x + Qsin%x}e‘*zt

Applying the first two of the boundary conditions gives us
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P=0 and u(x,t)= {Qsinn—;x}e"‘zt

Because

u©,t)=0 . 0=Pe™  P=0

Lu(x t) = {Q sin%x}e"‘zt

Also u(2,t) =0 Oz{(zsingci}e"‘z‘t
R .22 ., hem
Q+#0 . sm—C——O Sop=nmo A= 3 n=1,213,...

ou(x, t) = {Qsinn—;x}e”zt

There is, of course, an infinite number of such solutions with different
values of n. We can write the solution so far therefore as

= rox
ux, )=y Q@ sin—g—e"\?t
r=1

Finally, there is the remaining initial condition that at t =0, u = 10.

= rmx

Lu(x,0)=fx)=10 .. 10= sin——
(x,0) = f(x) ; Q sin—

where Q, = 2 x mean value of 10 sinlg—x fromx=0to x=2.

0 (r even); 4—7:: (r odd)

Because
Q,—-EJZIOSinm—xd.x—IOstinmxdx
2 2 T T ) 2

20 rox12 20
—;[c s—z—]ozg{l—cosrvr}

=0 (r even) and 77? (r odd)

Therefore the required solution is
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(o]
u(x, t) _40 > Lgin ™ et r=1,3,5,...
r (odd)=1
rem
where A= 7

By now you will appreciate that the approach to all these problems is
very much the same, as indeed it still is with the next important
equation.

Laplace's equation

The Laplace equation concerns the distribution of a field, e.g.
temperature, potential, etc., over a plane area subject to certain
boundary conditions.

r
z=u(x,y) p

—

(o] X

The potential at a point P in a plane can be indicated by an ordinate
axis and is a function of its position, i.e. z = u(x, y) where u(x, y) is the

8u

solution of the Laplace two-dimensional equation QZE +5—5=0.

oxZz ~ 0y?

Let us consider the situation in the next frame
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Solution of the Laplace equation

R

o%u
2
for the rectangle bounded by the lines x=0, y=0, x=a, y=b,
subject to the following boundary conditions

. u
We are required to determine a solution of the equation ) + 0

u=0 when x=0 0<y<b
u=0 when x=a 0<y<b
u=0 when y=b 0<x<a
u=f(x) when y=0 0<x<a
ie u(0,y)=0and u(a,y) =0for0<y <b
and u(x, b) =0 and u(x, 0) =f(x) for0 < x < a.
The solution z = u(x, y) will give the potential at any point within the
rectangle OPQR.
We start off, as usual, by assuming a solution of the form
u(x, y) = X(x)Y(y) where X is a function of x only and Y is a function

of y only. We now express the equation in terms of X and Y and
separate the variables to give

XII YII
XY
Because
_ . ou ! 32u oy
u=XY L 8x_XY and W_XY
ou 8%u
—=XY and — =XY"
oy ay?
XII Y/I
The equation is then X"Y = —XY” <=7

Putting each side equal to a constant (—p?) gives two equations
X'+p*X=0 and Y -p’Y =0
X" +p*X =0hasa solution X =............
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X =Acospx + Bsinpx

In the introduction to this Programme we said that the equation
Y” —p?Y =0 has a solution of the form Y = Ccoshpy + Dsinhpy
which can also be expressed as Y = Esinh p(y + ¢).

. u(x, y) = {Acospx + Bsinpx}Esinh p(y + ¢)
. u(x, y) = {Pcospx + Qsinpx} sinh p(y + ¢)
Now we apply the first of the boundary conditions.
u(0,y)=0 .. 0=Psinhp(y+¢) .. P=0
. u(x, y) = Qsinpx sinhp(y + ¢)
From the second boundary condition, we have
u(a,y)=0 .. 0=Qsinpasinhp(y+¢) .. sinpa=0
. pa=nn forn=1,2,3,...
If we write A = p then A = "7” and u(x, y) = Qsin Axsinh A(y + ¢)
Now from the third condition
u(x, b) = 0 from which we have ............

u(x, y) = Qsin \xsinh A(b —y)

Because
0=QsinAxsinhA(b+¢) .. sinhA(b+¢)=0 .. ¢=-b.
. u(x, y) = Qsin Axsinh A(y — b)
sinh A(y —b) = —sinh A(b—y) .. u(x, y) = Qsin xsinh A(b —y),

the minus sign being absorbed in the symbol Q whose value has yet to

be found. Now \ = nr with n=1, 2, 3,... and there is therefore an

infinite number of values for A\ and hence an infinite number of
solutions for u(x, y). Therefore, again using u =u; +uy +us +... we
haveu(x, y)=............
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u(x, y) =y _ Qsin \xsinh A(b — y)
r=1

Now there remains the fourth boundary condition to be applied.

00

u(x, 0)=f(x) .. f(x)=> Qsin)\x sinh \b

r=1
;. @ sinh \b =2 x mean value of f(x)sin \;x from x=0tox=a

Z a
:—J f(x)sin \x dx
alo

2 . Imx
= a‘ JO f(X) Sln7dx
from which the coefficients Q, can be found.
Let us work through an example with numerical values.

Example

&u

Determine a solution u(x, y) of the Laplace equation %

subject to the following boundary conditions

u=0when x =0; u=0whenx=nx

u—O0Owheny —oo; u=3wheny=0
As always, we begin with u(x, y) = X(x)Y(y), rewrite the equation in
terms of X and Y and separate the variables. The equation then
becomes

XII Y/l
X Y

Equating each side to —p?, we have X” 4+ p?X =0 and Y” — p2Y = 0.
X" 4+ p?X =0 has a solution ............

X =Acospx + Bsinpx

The solution of Y” — p?Y = 0 can be stated in three different forms
Y = Ccoshpy + Dsinhpy; Y =Ce”” +De#; Y =Csinhp(y+ ¢)
On this occasion, we will use the second one
Y = Cef” + De ?’
Then u(x, y) = {Acospx + Bsin px}{Ce” + De ?’}
Application of the first boundary condition u(0, y) = 0 gives
............ and ............
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A = 0and u(x, y) = sin px{Pef” + Qe 7"}

Because
0=A{Ce” +De P} . A=0
and u(x, y) = Bsinpx{Ce”” + De '} = sin px{Pe’” + Qe™#’}.

The second boundary condition u(m, y) = 0 then gives

u(x, y) = sinnx {Pe¥ + Qe ™} n=1,23,...

Because
u=0whenx=n .. 0=sinpr{Pe” + Qe ™}
osinpr=0 . pr=nm . p=n n=1,23,...
. u(x, y) = sin nx {Pe¥ + Qe ™}

The third condition is that u — 0 as y — oo.
Because e — 0 as y — oo then 0 = sinnx{Pe™}, so that P =0

ou(x, y) = Qe sinnx

But 7 can have an infinite number of values giving an infinite number
of solutions

u; = Qe sinx
uy = Qge % sin2x

uz = Qze~¥sin 3x

U, = Qe sinrx
So the solution at this stage can be written as
ux, Y)=.....o......

o0
u(x, y) =Y Qe sinrx
r=1

Now we turn to the final boundary condition that u =3 when y = 0.

S 3= Z Q; sinrx from which we obtain

r=1
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Q=0 (reven); Q = % (r odd)

Because

Q; =2 x mean value of 3sinrx between x=0and x=n«

_L:rx} :£(1 — cosTT)

=EJ 33inrxdx:é{

TJo
12
.. Q=0 (reven) and o (r odd)

= 1
Loulx, y) = Z —ze")’sinrx r=1,35,...
7 (0dd)=1

2
u(x, y) = 17 {e"’ sinx +;;e‘3}' sin 3x +%e‘5y sin5x + .. }

Laplace’'s equation in plane polar
coordinates

Laplace’s equation
Qu(x, y)  Pulx, y) _
ox2 + ay? -
is often referred to as the potential equation because such physical
entities as the electrostatic and gravitational potentials can be shown
to satisfy it. It is an equation that is commonly met in science and
engineering. Solving this equation inside a region of the x-y plane
subject to some specified condition applied to u(x, y) on the boundary
of the region is known as a Dirichlet problem. To solve this Dirichlet
problem we proceed, as we have seen, by separating the variables to
find the general solution and then matching up the general solution
to the boundary conditions to find the specific solution. However, the
process of finding the specific solution from the general solution is
very sensitive to the shape of the boundary, and difficulties can arise if
the symmetries of the boundary do not match the symmetries of the
coordinate system used. For example, if the region under considera-
tion is bounded by the circle

2 +y:=a?
employing Cartesian coordinates will create difficulties when we come
to match up the general solution in Cartesians to the boundary

conditions on the circular boundary. To avoid such difficulties we
choose a coordinate system that has the same symmetries as the >

0
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boundary where the coordinate symmetries are exhibited when we let
one variable vary while keeping all the others constant. The Cartesian
coordinate system (x, y) produces straight lines x = constant as y varies
and y = constant as x varies. The plane polar coordinate system (r, 6),
on the other hand, produces circles r = constant when 6 varies and so
is suitable for dealing with circular boundaries in the plane.

y
//’_§\\\ y

// N

/
/ / \ r
i 6 |
\ o / 0
\\ /

\ / X

\\\\ 7 \
r=constant x=rcos9

y=rsin@

Before we attempt to find the solution we must pose the problem from
the beginning in terms of the coordinates that are appropriate to the
boundary conditions. This means, of course, that Laplace’s equation
must also be given in the same coordinates. To convert Laplace’s
equation from its current form in Cartesians (x, y) to a new form in
plane polar coordinates (r, §) where

x=rcosf and y=rsinf

requires manipulations using Frame 11 onwards of Programme 10. We
shall not go into this here, suffice it to say that in plane polar
coordinates Laplace’s equation is

O%v(r, 0) 10v(r,6) 18%v(r,0)
ar tr o 2 o =0
where v(r, 0) is the expression obtained by changing the coordinates
in u(x, y) using x =rcosf and y =rsin6.
We shall now pose the problem anew in the next frame

The problem
Find the solution to

Pv(r, 0) 16v(r, 0)  18*v(r, 0) 0
or? r or 2 a2
in the circular region x2 + y? = a? (that is, for 0 < r < a) of the plane
where
1 v(r, 6) is finite for 0 <r < a and for all ¢
2 v(a, 8) =f(f) — the condition on the boundary of the circular
region
3 0 is unbounded but v(r, 0+ 27) = v(r, 6) for 0 <r < a. That is,
though 6 can take any finite value, the value of v(r, 6) repeats itself
as # winds round every 2.
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Separating the variables

The variables are r and # and we assume they are separable and write
v(r, ) =R(r)©(0). This form is then substituted into Laplace’s
. . . - r* .

equation and the entire equation multiplied by RO to obtain

2 d?R(r) r dR(r) 1 dZ@(e)_O
RN da TR dr 6@ a4

Because
Substituting R(r)©(6) for v(r, 6) gives
8%R(r)0(6) + 10R(r)©(0) " 1 82R(r)©(0) _

or? r or rz2 992 0
That is
o) d?R(r) L OO drR()  R(r) d’e() _ 0

dr? r dr rz  de?
2
dltiplvi . . .
Multiplying the entire equation by R—(r) =10) then gives

2 &®R(r) , r dR(r) , 1 d?©(h) 0

R(r) dr2 "R(r) dr ' ©(F) dez
From this result we can say that

P dR(r)  r dR() 1 dze(o)_k

R(r) dr2 "R(r) dr ~ ©() dez

which gives rise to the two uncoupled, second-order ordinary
differential equations

r? d®R(r) | r dR(r) _

RG) a2 TR ar K sothat
d’R dr
r drg’)+r di’) — kR(r) (1)
and
1 d*e(s d’e(s
50 20—k sothat T~ ke(s) @)

The general solution to equation (2) for k > 0 is
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©,(0) = a,cosnf + b,sinnfd wheren=1, 2,...

Because ) )

d e®) . de()
W = —k@(e), that is ae?
auxiliary equation m? + k = 0 with solutions m = +jvk. This gives
the solution, periodic with period 2« as

©() = A cos Vkf + Bsin vVkf (3)

provided k >0 so that m is pure imaginary. If kK <0 then non-
periodic solutions would result which would be physically incorrect.
To ensure periodicity, that is to ensure that k >0 write k =n?,
n=1,2,....
©,,(0) = a, cosnb + b, sinnf is a solution to equation (2).
We shall look at the case n = 0 later.
Substituting k = n? into equation (1) then gives
&’R(r) , dR() _
rz dTZ +TT—TI R(r) (4)
As a trial solution to equation (4) let R(r) = pri. Substitution into (4)
gives

To solve

+k©(0) =0 we use the

q=4n wheren=1, 2,...

Because
dR;(Q _d(prt) _ -1 _ - d?R(r) B
=T e = rpqri~! = pgri. Similarly rz—m— = pq(q — D)ri.

d*R(r) _dR(r)
dr2 tr dr

[9(g—1) +qlpri =n’pr? and so [q> —n?]pri =0 giving q = +n
wheren=1, 2,...

Therefore, substitution into r* = n’R(r) gives

Therefore, a solution to equation (4) is
Ry (1) = cur” + dpr ™" provided n # 0. The case n = 0 is special.
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Summary

To summarise the results so far, we have started to solve Laplace’s
equation

&v(r, 0) 18v(r, 6) 18v(r, 6) _ 0
or? r or 2 02
in the circular region x? + y? = a? (that is, for 0 <r < a) of the plane
where

1 v(r, 0) is finite for 0 <r < a and for all ¢
2 v(a 0)=f(9)
3 0 is unbounded but v(r, 0+ 27) = v(r, ) for 0 <r < a.

We have found that, assuming v(r, ) = R(r)©(6) then, provided n # 0
©,(0) = a, cosnb + b, sinnf
Ry(r) =cut” + dyr™"

So that
Vu(r, 8) = Rp(r)On(0) = (cut”™ + dur™")(a, cos nf + b, sin nf)

If we now apply the boundary condition 1 we find that

Because

v(r, 0) is finite for 0 < r < a. In particular, the solution is finite when
r=0 and so we cannot have a term of the form r™. Accordingly
d, = 0, so omitting the r~" term the solution then becomes

Vu(r, 0) = cur"(an cos nd + by, sin nb)
There is an infinite number of such solutions (eigenfunctions), one for

each eigenvalue n. The complete solution to Laplace’s equation is then
a linear combination of all these eigenfunctions. That is

o [o]
V(r, ) =Y exva(r, ) = > _r"(A,cOsnf + B, sinnd)

n=1 n=1

And now for the n = 0 case
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The n=0 case
When n = 0 then k = 0 and equation (1) becomes
d’R(r) | dR(r) _
r az TTar 0

dR(r)
Tdr

and if we let S(r) = then this equation becomes

2 dS(T)

——~+1§(r) = 0, that is r[r d‘;(rr) + S(r)] =0 and so

dS(r) d[rS(r)]
dr

+5n ="

This has the solution
dR(r)

18(r) = o (constant) and so S(r) = = =$
giving R(r) =alnr+ g (5)
When n = 0 then k = 0 and equation (2) becomes
d’e(0)
de?
Applying the boundary conditions to the solutions (5) and (6) gives

=0 with solution ©(8) =6+ 6 (6)

Because

(a) v(r, 0) is finite for O <r < g, in particular when r =0, and so
a=0
(b) v(r, 6+ 2mw) = v(r, §). That is, though 6 can take any finite value,
the value of v(r, 6) repeats itself as § winds round every 27 and
this means that v = 0.
So, when n = 0 the solution is v4(r, §) = constant. We therefore write
the complete solution as

00
wr, 6) = Ao -+ Z 7"(An cos nf + By, sin ng)

where the constant is taken to be in the form %.

Applying the condition on the boundary where v(q, §) = f(f) we see
that

(6 = + Z a"(An cos nf + B, sin nb)

which is a Fourier series and hence the form of the constant term

being taken as %q.
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The Fourier coefficients are then

1 2 1 21 .
An=p L f(6) cosngdd and B, = WL f(6) sinnodo

Example
Solve Laplace’s equation

*v(r, 0) N 10v(r, 6) N 16%v(r, 0)
or2 r or 2 02
in the circular region x2 + y? = a2 of the plane where

0

1 v(r, 0) is finite for 0 <r < g and for all ¢
2 v(a, ) =sinf
3 v(r,0+2r)=v(r,0) for0<r<a.
The solution, as we have seen, is
o
v(r, §) = % + Z r"(A, cosnf + B, sinnd) where
n=1

Ap=............ and B, =............

1
51,n

An=0 and Bn:ﬁ

Because

1 27 1 27
A":WL f(e)cosnedazmjﬂ sinfcosnfdd =0 and

1 27 . 1 27 . . 1
Bn = WJO f(H) sinnfdf = WJO sinfsinnfdf = WTHSL"
where 6, is the Kronecker delta

1
tis, By =2,

That is, By %3

T
’ =—sind
v(r, 9) ,sin

B, =0forn=2, 3,.... The complete solution is then

Notice that all three conditions in Frame 61 are satisfied by this
solution, that is

1 v(r, 0)= gsine is finite for O < r < a and for all ¢
2 v 0)=gsin9=sin0
3 v, 0+2m) = %sin(0+ 21) = gsin0 =v(r, 0) for 0<r <a.

That covers the main steps in the method of solving linear, second-
order partial differential equations applied specifically to the wave
equation, the heat conduction equation and Laplace’s equation. The
same approach can be made with other similar equations. >
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The Revision summary and the Can You? checklist now follow,
then the Test exercise with problems like those we have considered.
Although the solutions take rather more steps than with other forms
of equations, the method is straightforward and follows a clear
pattern. The Further problems give additional practice.

Revision summary 11

% 1 Ordinary second-order linear differential equations
g
Auxiliary equation am? +bm+c =0
(1) Real and different roots: m = m; and m = m;

y = Ae™* 4 Be™*
(2) Real and equal roots: m = m; (twice)

y =e™*(A +Bx)
(3) Complex roots: m = a +j3

y = e*”*{A cos 8x + Bsin Bx}.

(a) Equation of the form a—=5 +cy=0

}’

(b) Equations of the form Oz

+nty=0

2

d“y :
(1) dx2+ny 0; y =Acosnx + Bsinnx

dzy
(2) —n?’y=0; y=Acoshnx+ Bsinhnx
or y=Ae™+Be ™
or y=Asinhn(x+ ¢).

2 Partial differential equations Solution u={f(x, y, t,...)
Linear equations: If u=u;, u=uy, u=u3, ... are solutions, so

alsois u=uy +up+us+...+u, + Zu,

(a) Wave equation — transverse vibrations of an elastic string

u 1 &u

T
2 o where ¢2=—, T = tension of string

p = mass per unit length.

(b) Heat conduction equation — heat flow in uniform finite bar
Pu 1 ou
a2~ 2 ot

k = thermal conductivity of material
o = specific heat of the material
p = mass per unit length of bar.

where ¢z = LS
op
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(c) Laplace equation — distribution of a field over a plane area
Pu Fu_
ox2 3yz -

3 Separating the variables

Let u(x, y) = X(x)Y(y) where X(x) is a function of x only
and Y(y) is a function of y only.

0.

ouw_ ., u__,

Then a—XY, W_XY
ou &u
P_xy, ZL-xy"
oy ay?

Substitute in the given partial differential equation and form
separate differential equations to give X(x) and Y(y) by introdu-
cing a common constant (—p?). Determine arbitrary functions by
use of the initial and boundary conditions.

4 Laplace’s equation in plane polar coordinates

o%v(r, 9) + 10v(r, )  18%v(r, 0)

or? r or 02

Separating the variables by v(r, §) =R(r)©(f) produces two
uncoupled, second-order ordinary differential equations

0

2
r? ddI:gr) +7 dﬁ&r) = kR(r)
d?e(s
and —d% — —k6(0)

These two ordinary differential equations can then be solved
under the application of appropriate boundary conditions.

¥4 Can You?

Checklist 11
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Summarise the introductory methods of solving
ordinary differential equations?

Yes [ 0O 0O 0O [ No

e Solve partial differential equations that are amenable to
solution by direct integration?

Ys O O O O O No T,
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e Apply initial and boundary conditions?

Yes ] L] L] ] ] No

e Solve the one-dimensional wave and heat equations by
separating the variables and obtaining eigenfunctions
and corresponding eigenvalues?

Yes 0O O O 0O 0O No

e Solve the two-dimensional Laplace equation in
Cartesian coordinates?

Yes O ] ] ] L] No

e Recognise the need for alternative coordinate systems
and solve the two-dimensional Laplace equation in
plane polar coordinates?

Yes L] Ll L] Ll ] No

& Test exercise 11

1 Solve the following equations
Ou

a:4t.

(a) -g% = 24xz(t - Z)/ givel’l that at x = 0’ u= eZt and
%u

ox0y

= 4¢¥ cos 2x, given that at y =0, g)—&; = cosx

®)
and at x =, u =y

2 A perfectly elastic string is stretched between two points 10 cm apart. Its
centre point is displaced 2 cm from its position of rest at right angles to
the original direction of the string and then released with zero velocity.

u 1 d%u

=7 R with ¢ =1, determine the

Applying the equation
subsequent motion u(x, t).

3 One end A of an insulated metal bar AB of length 2 m is kept at 0°C
while the other end B is maintained at 50°C until a steady state of
temperature along the bar is achieved. At t =0, the end B is suddenly
reduced to 0°C and kept at that temperature. Using the heat

Pu_ 1 ou

ax2 2 ot

temperature at any point in the bar distance x from A at any time t.

conduction equation determine an expression for the
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4 A square plate is bounded by the linesx =0,y =0, x=2, y = 2. Apply

the Laplace equation % +% =0 to determine the potential
distribution u(x, y) over the plate, subject to the following boundary

conditions.

u=0 whenx=0 0<y<2
0 whenx=2 0<y<2
0 wheny=0 0<x<2
5 wheny=2 0<x<2.

u

u

u

§ Solve Laplace’s equation in plane polar coordinates
%v(r, 0) 10v(r,0) 10%v(r, )

oz "1 or T e 0

in the circular region x2 + y? = 1 of the plane where

(1) v(r, 6) is finite for 0 <7 <1 and for all ¢
() v(1, ) =5cos36
3) v(r,0+2m)=v(r,0) for0<r<1.

Further problems 11

. Ou 1 Pu
1 Show that the equation e R 0 is satisfied by

u = f(x+ct) + F(x — ct) where fand F are arbitrary functions.
2 If Pu_1 ?—?—li and ¢ = 3, determine the solution u = f(x, t) subject to
ox2 "~ 2 o2 - A J
the boundary conditions
u(0,t) =0 and u(2,t)=0 for t>0
ou

u(x,0) =x(2—-x) and [—] =0 0<x<2
Otlio

3 The centre point of a perfectly elastic string stretched between two
points A and B, 4 m apart, is deflected a distance 0-01 m from its
position of rest perpendicular to AB and released initially with zero

. . &u_ 1 u
velocity. Apply the wave equation o2 R where ¢=10 to
determine the subsequent motion of a point P distant x from A at time £.

4 An elastic string is stretched between two points 10 cm apart. A point P
on the string 2 cm from the left-hand end, i.e. the origin, is drawn aside
1 cm from its position of rest and released with zero velocity. Solve the

one-dimensional wave equation to determine the displacement of any
point at any instant. >
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5

10

An insulated uniform metal bar, 10 units long, has the temperature of
its ends maintained at 0°C and at t = 0 the temperature distribution
f(x) along the bar is defined by f(x)==x(10—x). Solve the heat
u_ 1 ou
a2 2 ot
temperature u of any point in the bar at time t.

conduction equation with ¢ =4 to determine the

The ends of an insulated rod AB, 10 units long, are maintained at 0°C.
At t = 0, the temperature within the rod rises uniformly from each end
reaching 2°C at the mid-point of AB. Determine an expression for the
temperature u(x,t) at any point in the rod, distant x from the left-hand
end at any subsequent time t.

A rectangular plate OPQR is bounded by the lines x =0, y =0, x =4,
y = 2. Determine the potential distribution u(x,y) over the rectangle

. . 0%u  Ou . .
using the Laplace equation W+W= 0, subject to the following

boundary conditions

u(0,y)=0 0<y<2
u(4,y)=0 0<y<2
u(x,2)=0 0<x<4

u(x,0) = x(4 — x) 0<x<4.

Two sides AB and AD of a rectangular plate ABCD lie along the x and y
axes respectively. The remaining two sides are the lines x =5 and y = 2.
The sides BC, CD and DA are maintained at zero temperature. The
temperature distribution along AB is defined by f(x)=x(x—35).
Determine an expression for the steady-state temperature at any point
in the plate.

Solve Laplace’s equation in plane polar coordinates

%v(r, 0) . 19v(r, 6)  18%v(r, 6) _ 0
or2 r or rr 992

in the circular region x? + y2 = 1 of the plane where

(1) v(r, 0) is finite for 0 <r < 1 and for all ¢
(2) v(1, 6)=sin20 —4cos@
3) v, 0+2n)=v(r,0) for0<r<1.

Solve Laplace’s equation in plane polar coordinates
o%v(r, 0) +16v(r, ), 18%v(r, 0) 0
or? r or 2 00>
in the circular region x* + y? = 1 of the plane where
(1) v(r, 6) is finite for 0 <r < 1 and for all ¢
@) v(1, 6) =3sin%0
3B) v, 0+2n)=v(, ) for0<r<1.




